The accumulation of atoms in the lowest energy level of a trap and the subsequent out-coupling of these atoms is a realization of a matter-wave analog of a conventional optical laser. Optical random lasers require materials that provide optical gain but, contrary to conventional lasers, the modes are determined by multiple scattering and not a cavity. We show that a Bose-Einstein condensate can be loaded in a spatially correlated disorder potential prepared in such a way that the Anderson localization phenomenon operates as a band-pass filter. A multiple scattering process selects atoms with certain momenta and determines laser modes which represents a matter-wave analog of an optical random laser.
Bose-Einstein condensation (BEC) of dilute atomic gases is a macroscopic accumulation of atoms in the lowest energy level of a trap when the temperature of the gas decreases [8] . This tendency of occupying a single state through the mechanism of stimulated scattering of bosons is an analog of mode selection in optical lasers due to the stimulated emission of photons. Gradual release of atoms from a trapped BEC allows for the realization of a matter-wave analog of a conventional optical laser [9] [10] [11] [12] [13] [14] . The atom trap is an analog of the optical cavity. The lowest mode of the trap is a counterpart of an optical resonant mode. In conventional optical lasers the output coupler is usually a partially transmitting mirror. In atom lasers it involves, for example, a change of the internal state of the atom by means of a radio-frequency transition.
In the present letter we propose the realization of a matter-wave analog of an optical random laser. Suppose the BEC of a dilute atomic gas has been achieved in a trapping potential. That is, we begin with the accumulation of atoms in a single mode of the resonator (i.e. the lowest eigenstate of the trap). Then, let us turn off the trap and turn on a weak disorder potential. Starting with a BEC we have a guarantee that the disorder medium is pumped with coherent matter-waves. We would like to raise the question of whether it is possible to prepare spatially correlated disorder potential in such a way that narrow peaks can be observed in the spectrum of atoms that are able to leave the area of the disorder potential? In other words: if the multiple scattering of atoms in a disorder medium can lead to a selective spectral emission of matter-waves from the medium?
In cold atom physics a disorder potential can be realized by means of an optical speckle potential [15, 16] . Transmission of coherent light through a diffusing plate leads to a random intensity pattern in the far field. Atoms experience the presence of the radiation as an external potential V (r) ∝ χ|E(r)| 2 proportional to the intensity of the light field E(r) and atomic polarizabitlity χ whose sign depends on the detuning of the light frequency from the atomic resonance. Diffraction from the diffusive plate onto the location of atoms determines correlation functions of the speckle potential. We assume that the origin of the energy is shifted so that V (r) = 0 where the overbar denotes an ensemble average over disorder realizations. Standard deviation of the speckle potential V 0 measures the strength of the disorder.
Let us begin with a one-dimensional (1D) problem. In a weak disorder potential atoms with k-momentum undergo multiple scattering, diffusive motion and finally localize with an exponentially decaying density profile due to the Anderson localization process, provided that the system size exceeds the localization length [17] [18] [19] . Taking the Born approximation to the second order in the potential strength, the inverse of the localization length is [20] 
, where the Fourier transform of the pair correlation function of the speckle po-tential is
and γ(k) = dzγ(z)e −ikz is the Fourier transform of the complex degree of coherenceγ(z) = E * (z + z ′ )E(z ′ )/|E(z)| 2 = dyA(y)e izy/α / dyA(y). A(y) describes the aperture of the optics and α is a constant dependant on the wavelength of the laser radiation and the distance of the diffusive plate from the atomic trap. In Ref. [21] , where the experimental realization of the Anderson localization of matter-waves is reported (see also [22] ), a simple Heaviside step function A(z) = Θ(R − |z|) describes the aperture. The corresponding γ(k) = πσ R Θ(1 − |kσ R |), where σ R = α/R is the correlation length of the speckle potential. Consequently the power spectrum (1) decreases linearly and becomes zero for |k| ≥ 2/σ R . Thus, the Born approximation predicts an effective mobility edge at |k| = 1/σ R , i.e. atoms with larger momenta do not localize [21, 23] (actually higher order calculations [24] show they do localize but with very large localization lengths, much larger than the system size in the experiment). Hence, neglecting atom interactions, if the width of the initial atom momentum distribution exceeds the mobility edge particles at the tail of the distribution avoid the Anderson localization and may leave the disorder area.
Let us modify the experiment reported in Ref. [21] by introducing an obstacle at the center of the diffusive plate so that the aperture is now described by A(z) = Θ(R − |z|) − Θ(ρ − |z|) where ρ < R. It implies that
where σ ρ = α/ρ. If the size of the obstacle ρ > R/3, interference of light passing through such a double-slit diffusive plate creates a peculiar speckle potential. That is, the power spectrum (1) disappears for |k| ≥ 2/σ R as previously but it is also zero for
σρ . Thus, according to the Born approximation there is a momentum interval where the localization length diverges. It implies that the Anderson localization process is able to operate as a band-pass filter letting particles with specific momenta leave the region of the disorder. Detection of escaping atoms should reveal a peak in the momentum spectrum corresponding to the interval where the localization length diverges.
Introducing two (or more) obstacles in the diffusive plate we can increase the number of momentum intervals with diverging l loc . In Fig. 1 we present examples of the speckle potentials in the single obstacle case and the case of two obstacles located symmetrically around the plate center. In the latter case the aperture is described by A(z) = Θ(R − |z|) − Θ(ρ − |z|) + Θ(ζ − |z|) where ζ < ρ and
with σ ζ = α/ζ. The figure also presents localization lengths obtained numerically in the transfer-matrix calculation [24] that confirms the Born predictions.
To simulate an experiment, we follow the parameters used in Ref. [21] where Anderson localization of matterwaves has been observed. We assume that a BEC of N = 1.7 · 10 4 rubidium-87 atoms is initially prepared in a quasi-1D harmonic trap with longitudal and transverse frequencies ω/2π = 5.4 Hz and ω ⊥ /2π = 70 Hz, respectively. In the following we adopt the harmonic oscillator units: E 0 = ω, l 0 = /mω and t 0 = 1/ω for energy, length and time, respectively. When the trapping potential is turned off and the speckle potential is turned on the expansion of the atomic cloud is initially dominated by the particle interactions until the density drops significantly and the atoms start feeling only the disorder potential. This initial stage of the gas expansion sets the momentum distribution of the atoms which may be approximated by an inverted parabola with an upper cut-off k max = 2 √ µ = 12.7 where µ is the initial chemical potential of the system [23, 26] .
The disorder potentials we choose are attainable in the experiment reported in Ref. [21] , i.e. they extend 862 units (4 mm) along the z direction with the correlation length σ R = 0.066 (0.31 µm). We consider the potentials obtained by introducing one or two obstacles in the diffusive plate that are presented in Fig. 1 . If the atomic cloud starts at the center of the disorder potentials and if the cut-off of the momentum distribution is k max 13 then we may expect that time evolution leads to emission of atoms with |k| ≈ 5.5 in the single obstacle case (cf. Fig. 1a,c) and with |k| ≈ 9 in the case of two obstacles (cf. Fig. 1b,d ). In the latter case we may expect also a small leakage of atoms with |k| ≈ 3.5. For |k| ≈ 3.5 the localization length shown in Fig 1d reaches locally a maximum value of l loc ≈ 120. Before the particle interactions become negligible the gas spreads over a significant range of the disorder region. Therefore the Anderson localization is not able to diminish completely the leakage of atoms with |k| ≈ 3.5.
Starting with the ground state of the stationary GrossPitaevskii equation [9] [10] [11] [12] [13] [14] [15] in the presence of the harmonic trap, we integrate the time-dependent Gross-Pitaevskii equation when the trap is turned off and a disorder is turned on. Figure 2 shows momentum distributions of atoms that escaped from the disorder region and those that are localized for the disorder potentials correspond- ing to Fig. 1 at different moments in time. The expected selective spectral emissions of atoms are apparent in the figure. Interestingly in Fig. 2d , i.e. for longer evolution time, small peaks around |k| ≈ 3.5 become visible. Finally let us consider a possibility of the realization of an atom analog of an optical random laser in 2D. The Boltzmann transport mean-free path l B is the characteristic spatial scale beyond which memory of the initial direction of the particle momentum is lost. In 2D l loc = l B e πklB /2 and thus the localization length is much larger than l B which is in contrast to the 1D case where these two quantities are nearly identical l loc = 2l B [19] . For the circularly shaped diffusing plate with the radius R the classical transport mean-free path [25, 26] , to the second order in the potential strength, reads
where η = V 0 /E σ is the ratio of the potential strength and correlation energy E σ = 2 /(mσ 2 R ) with σ R = α/R. The power spectrum P(k) of the optical speckle potential disappears for k ≥ 2/σ R . Nevertheless, the l B (and consequently also l loc ) is always finite. In the bulk 2D system, an initially prepared atomic wave-packet follows a diffusive motion at short time but eventually the dynamics slow down and freeze due to the Anderson localization process [25] [26] [27] .
By introducing obstacles in the diffusive plate we are able to shape the power spectrum of the speckle potential. On one hand the fact that P(k) may disappear at certain momentum intervals does not mean divergence of the corresponding transport mean-free path (4) . On the other hand any non-monotonic behaviour of l B (k) is dramatically amplified in the behaviour of l loc (k) because the localization length is an exponential function of l B . In Fig. 3 we present an example related to the obstacle in the form of a ring, i.e. the aperture of the optics is described by A(r) = Θ(R − |r|) − Θ(ρ − |r|) + Θ(ζ − |r|). At kσ R ≈ 0.4 both l B and l loc shows a maximum. However, while the transport mean-free path changes by only a few in the neighboring region the localization length changes by four orders of magnitude. If the width of the momentum distribution of a BEC loaded in such a disorder potential is smaller than 0.6/σ R and the radius of the disorder medium is greater than 10 3 σ R but less than 10 5 σ R the multiple scattering process leads to an isotropic emission of atoms with k ≈ 0.4/σ R .
We have outlined a proposal for the realization of a matter-wave analog of an optical random laser. Spatially correlated disorder potential for atoms with a peculiar pair correlation function can be created by transmitting a laser beam through a diffusive plate with obstacles. The resulting Anderson localization length reveals nonmonotonic behaviour as a function of particle momentum. It allows for filtering momenta of particles that leave the area of the disorder, if the size of the disorder medium is suitably chosen. The disorder medium is assumed to be initially loaded with a BEC which guarantees that the matter-waves emitted from the medium are coherent. We have restricted ourselves to the 1D and 2D cases but the atom analog of an optical random laser can be also anticipated in 3D. In 3D the Ioffe-Regel criterion discriminates between waves that are Anderson localized (kl B 1) or not [19, 28] . Thus, a spatially correlated disorder potential for which the Ioffe-Regel criterion is not fulfilled for specific momenta should allow for selective emission of matter-waves in 3D.
Our proposal is directly applicable to atomic matterwave experiments. From the point of view of the optical random lasers our analysis is not complete because it is restricted to passive random materials without gain. There is an interesting question whether a disorder with properties similar to those analyzed here play a role in optical random lasers and which modes are important when the gain is included in a system.
The non-monotonic behaviour of the localization length results in the appearance of a multiple effective mobility edge if a disorder system is finite. Wave transport is then unusual and interesting on its own. A shallow non-monotonical bahaviour of the Anderson localization length versus energy has been observed also in a classical wave system, see Ref. [29] .
